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Ising transition in the classical ANNNXY model
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Abstract. We investigate the XY model with ferromagnetic nearest and antiferromagnetic next-
to-nearest neighbours couplings (ANNNXY model). We formulate the study of both phases of
the model in terms of different Coulomb gas models. The non-frustrated ferromagnetic phase
is thus transformed into a usual Coulomb gas with one species, whereas the frustrated phase is
translated into a Coulomb gas with three species interacting with each other in an anisotropic
lattice. We then generalize the Kosterlitz—Thouless renormalization group equations for both
phases by treating the Ising and Kosterlitz—Thouless order parameters in an independent way.
This enables us to discuss the nature of the transition (Ising and (or) Kosterlitz—Thouless) in the
frustrated phase.

1. Introduction

Since the discovery of high-temperature superconductivity, a considerable interest has
emerged in two-dimensional frustrated antiferromagnetic systems. In particular adding
frustration could be a way to describe how the now widely accepted long-range order in
two-dimensional Heisenberg antiferromagnets could be destroyed, leading to a spin-liquid
state [1-3]. One way to induce frustration is to add competing interactions between nearest
neighbours (NN) and next-to-nearest neighbours (NNN) and even further [4]. Frustration
gives rise to surprising and subtle effects and often creates very rich phase structures.

To understand better the role played by frustration, some recent Monte Carlo simulations
have been made in three and four dimensions with different spin models (Ising, Potts,
Heisenberg) described by the following Hamiltonian [5, 6]

H=J125i5j+JZZSiSl 1)
(i,J) ()]

where(i, j) corresponds to NN, an, /)) to NNN. The phase diagrams so obtained present
rather similar phase structures: namely, the addition of a frustrating NNN antiferromagnetic
(AF) interaction to a ferromagnetic NN interaction often creates several AF phases, for
which the AF order appears first in one dimension, then in two dimensions, and so on,
thereby breaking rotational invariance [5].

In this paper, we study analytically the two-dimensional XY model with ferromagnetic
NN and antiferromagnetic NNN interactions on a square lattice also defined by (1) (that we
can call the ANNNXY model or a two-dimensiondl — J, XY model). Because of the
U (1) symmetry, the simple XY model has singular solutions, the vortices, that will disorder
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the system, leading to the famous Kosterlitz—Thouless (KT) phase transition [7-9]. This
J1— J> XY model has two distinctive phases, a non-frustrated one with ferromagnetic order
and a frustrated one with a particular AF order [10]. We will study the influence of vortices
in both phases by means of the real-space renormalization group [8]. The frustrated phase
is the most complex one, because spin waves favour a collinear ordering (this constitutes
a simple example of ‘order by disorder’ [11, 10]). An Ising order parameter thus appears
dynamically in the model. The symmetry group will g x U(1). A similar situation has
already been encountered in the fully frustrated XY model on a square lattice, and in the
AF triangular XY model [12, 13]. Both models exhibit specific critical behaviours with an
Ising and KT transition at the same point.

The paper will be organized as follows. In section 2, we study the two-dimensional
J1 — J> XY model with the help of the Villain transformation [14] and translate it into a
generalized Coulomb gas language. Because of the Villain approximation, the Ising and KT
order parameters are decoupled. In section 3, we derive the generalized KT renormalization
group equations. We show in particular, that the usual KT fixed point can be destabilized
by frustration in the AF phase. It enables us to propose different scenarii concerning the
nature of the phase transition in this ANNNXY model. This analysis suggests that only
one transition, essentially dominated by the Ising order parameter, is probable. Finally, in
section 4, we give a summary and conclude with speculative remarks concerning possible
extensions of these results, in particular, when some disorder is added.

2. Coulomb gas description of the XY model with competing interactions

The two-dimensional/; — J> XY model on a square lattice is defined by the following
Hamiltonian

H=1J1) cod,—0,)—J, Y cosby —0)). @)
(x,x") {x,x")

If J, = 0 this model describes the usual XY model and leads to the well known KT phase
transition induced by vortices [7-9]. Whéa # 0, this extended XY model already exhibits

a non-trivial ground state at classical level [10, 1]. Let us demote J»/J;. Whenn < %

the ground state is the standard ferromagnetic order, whereas- i% the system breaks

up into two squares (but this timg/2 x +/2)) sublattices with independent AF order (see
figure 1) [10]. The valueg; = % is a strong singularity (i.e. a Lifshitz point) where both
states are priori possible but also any order states that satifigs  exeS: = 0. We have
the same Lifshitz point with Heisenberg spins.

Let us now study the influence of vortices when temperature is raised. As the two
ground states described above are strongly different, we have to compute their excitations

independently.

2.1. The non-frustrated phase: < %

Consider the Hamiltonian (2) in the ferromagnetic phase. By the Villain transformation
[14], valid at low temperature,

+00 2
exp(Bcost —6)) ~C > exp(—g(e -0 — 271m> (3)
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Figure 1. The two different classical vacuum configurations: the usual ferromagnetic one, and
the one with two independent antiferromagnetic sublattices. Here we consider an arbitrary angle,
¢, between the two sublattices.

the partition function can be written as a sum of Gaussians

+
Z= (]‘[/ d9z> exp(,ful > cosby — 0y) — B2 Y coSb, — ez,)>
x V7T (CD)

(x,x")

= (1—[/” d9w> 3 exp(—ﬂZJlA(ew,ng,ﬁ;> 4)
x YT {

niz}, (i)

where,

A 1, 12 =Y " Onre, — 2 — 2707 = 1Y (Ore, — O — 277i%)% (5)
T, T,o

In this expression, we have used a Villain transformation for both cosine terms following
one of the prescriptions given in [15]. In these formulae= 1,2, « = 1,2. e, ande,
indicate respectively the directiordsj and (¢ + 7), (j —%). The term{n#}, {n%} means we
sum in each vertex of the lattice, over four integer link variables (a link is partaken by two
vertices, and we have eight links per vertex.

This expression is valid only foy < % where the classical vacuum is ferromagngtic
so that the actionA(0,, n*, n%) is bounded from below. When we switch off the link
variables, we recover the spin-wave Hamiltonian. In fact we could have applied the Villain
transformation directly on the spin-wave action (as it is often the case in lattice-gauge
theories when one wants to include vortex-like contributions).

There is an apparent problem with the link terrdr?n(7%)2 in the action (5). After
the integration ove®,, the problem no longer survives because the action is bounded
from below. We introduce the lattice derivativeég*0(x) = 0(x + u) — 08(x) and
Ve (x) = 0(x + a) — O(x), which are modified in (5) by the gauge-link variables. The
action (5) is gauge invariant through

0(x) = 0(x) + 2k(x)
nt — nt — V*k(x)
A% — 1% — Vk(x). (6)

1 The domain of validity of the Villain approximation for more complex spin structures is not yet properly
established.
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Althoughf (x) andny, n¢ appear as independent variables, they are correlated in the partition
function because of this gauge invariance. The problem now is to find the dual form of the
action, namely to write it in a Coulomb gas form. When the NNN interaction is not present,
the vortices defined by, = €, V*n (¢, being the two-dimensional antisymmetric tensor)

play a role analogous to charges (they are also the natural gauge-invariant variables on the
dual lattice). When we perform the Gaussian integrals évehenZ = Zsy x Zy where

Zsw represents the spin-wave part

Zsw = /De exp |:—§ Z[(V“G(x))z _ n(ﬁae(x))Z]} (7)

X, poe

and Zy the vortex part

Zy= Y expl-2r’Bni[s" — V*P V' Iny
{nk H{ng)

+HAT Pk [VHPIViS — 2n %Rl [8YF — VP IVARL). (8)

P~ indicates the propagator defined on the lattice by its Fourier transform,

-1
P Hk) = (Z4sin?k2“ — ) 4psin? k;) . (9)

The corresponding real-space interactid¢x) can be computed at a long distance in
the usual way (see similar calculations in [16]) and leads to

In <4|x|ey 1 _22") . (10)

VOOX i

The propagator is only defined far < % i.e. as could have been guessed. It indicates
clearly the presence of a new phase for- % dominated by antiferromagnetism. The
problem now is to writeZy in terms of independent gauge-invariant vortices. After the
Gaussian integrations and standard manipulations, the vortex action can be written as,

A@', i) =Y =2m?B(m1(x)Pma(x) + n?ma(x)P " ma(x) + nmb” ()P~ mb* (x))
(12)

with m1(x) = €,,V#n! the usual vortex of the XY modeki,(x) = eaﬂ@“ﬁf a vortex
defined on the diagonal sublattices and finall§®(x) = V*ny — V*i% corresponds to
four vortices built by mixing the two lattices. Globally we have three different geometrical
plaguettes representing these vortices: the squaxellassociated with vortices on the
original ferromagnetic lattice, the squav x /2 associated with vortices on the diagonal
sublattices, angv/2 x 1) parallelogram plaquettes associated with vortices on mixed lattices.
At each vertex, there are four link variables submitted to a gauge invariance. Once the gauge
is fixed (1 = O for example) only three independent link variables survive. The ambiguity
with the term—4725(72%)? in the action has totally disappeared after integration, and the
action is now manifestly bounded from below.

The dual Coulomb gas form of the model must have only three point-like, independent
vortices. The three vortices;;, defined on edges are non-local so it is difficult to check
their independence. To solve this problem, we defined three local variables, the triangle
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plaquettes, which are geometrically independent:

1
X

12(x) = —n? — nyyj + it (12)

2 ~2
x T Myt

hx) = ni +n)2( —n

t3(x) = ni —n
In terms of these new variables, the action (11) then reads

A=Y —272B((1 = 22 (1(x) + L))V (x — X)) + 12(x)) + )
x#x!

= > 7B - 2)mi(x)In|x — x'|my(x)) + - - (13)
x#x'

becauseni(x) = (t1(x) + t2(x)). The ellipses represent here terms I'rkec)V“P*tj (x)

or (x)@“P*ltj (x) with 1 < i,j < 3. These terms behave at large distances as

t (x)‘xflx/ltj (x"), and can be neglected in comparison with the logarithm Coulomb interaction
(13). They may play a role close to the Lifshitz point, where the spin waves are very soft. In
the renormalization-group procedure they are irrelevant in the infrared region. Consequently,
we find the usual vortex contribution to the partition function, the inverse temperature is
just multiplied by a factorl — 2»). This result is not surprising at all: indeed a formally
similar derivation could have been done with a NNN ferromagnetic interaction; and we
know by universality arguments that the long-wavelength behaviour remains unchanged, so
the only excitations which deviate from usual vortices could just have local effects [15]. It
is exactly what was shown above but with a NNN antiferromagnetic interaction which does
not change the nature of the ground state.

2.2. The frustrated phase; > 3

Fron > 3, the ground state now consists of two squéwé x +/2) sublattices, that can

be labelled (or coloured) by 1 and 2, each with an AF order whose orientation is defined
by ®; and ®, (see figure 1). Because the ground-state enefgy=f —4N Jo, where N

is the number of sites) is independent &f a non-trivial degeneracy appears in the angle

® = ©1 — ©,. As was proved by Henley [10], this degeneracy is broken by spin-wave
excitations that favour collinear alignment. It is a simple example of ‘order by disorder’
[11]. In that case, rotational invariance is also broken and there is thus AF order in one
direction and ferromagnetic order in the orthogonal one. This does not violate the Mermin—
Wagner theorem [17] because the continuous degeneracy is replaced by a discrete Ising-like
order parameter. Such an ordering was already observed numerically in higher-dimensional
models described by equation (1) [6] as was mentioned in the introduction. Whether this is
also an ‘order by disorder’ effect remains an open question. Nevertheless, such an analysis
takes only spin waves into consideration.

We want now to include the vortices in the action to see their effects. In the following,
we considekp, the angle between two NN spins, as a parameter independent of the position.
To get a Villain treatment for such a ground state, the usual strategy is to apply the Villain
transformation to the spin-wave action [15]. Yet, as two spins separated with a length
2a have the same orientations, it will be easier to first map the model on a square lattice
(2 x 2) with ferromagnetic interactions, but now with two spins, 1 and 2, per vertex. We
can directly apply the result of Chandea al [2] available in our case. After the gradient
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expansion of the classical energy, the action on this new lattice can be written as

2-]2 2 ,
= Vo; 20(V*0,V* 0, — V76, V70 14
A=Y | T+ 270w - 70 | (14

where we have definet = 222
Notice that, if we do the Gaussian integration ovkr we recover the quadratic

approximation of the result of Henley [10], namely

Asw(¢) = constant- / Iog[212(qf(1 — A+ q22(1 + )]

(27)2
J1C0¢h) )2

2 (15)

~ constant- 0.32(
The integration oveq shows that spin waves select states witt? gps= 1, thus a collinear
ordering.

We now have to include the periodicity 6f variables in the spin-wave action (14) by
applying the Villain transformation on each quadratic term. If we do that directly, we will
obtain, after integration ove#, a global action representing the spin-waves energy (which
behaves as cé&p)), and a vortex action totally independent of local spin-wave effects. This
method does not enable us to see how the Ising order parameter emerges and competes with
the KT order parameter. Hence, following Chandtal [2], we include a local quadrupole
coupling term

Ao =— (J1>2/d2x(9 — 0,)? (16)
c= Y 2.]2 1 2

in the action (14) (withy = 0.32) corresponding to local spin-wave effects. The coefficient
of this coupling term is defined from (15). After diagonalizing the bilinear formo;in
we obtain a massive scalar action plus a massless one, where theriddicity has to be
included by means of the Villain transformation. The partition function then reads

z=[Dops: Y exp—{Aung+ Al 7)
{nh (x).15 (x)}

with
J1
ing = 1— A (V¥01)2 + (14 A) (V2 6y)? 67 18
Alsing Z [(L =) (V¥0)” + (1 + A)( 1>]+y(2J> i (19
the massive action corresponding to the Ising order parameter, and
J. ‘ : y
Av=>" %[(vwz — 20k (x))% + AL(V 0y — 2715) — (VY6 — 2713)?]] (19)

the massless action, where links variables have been included. In the vortex action (19),
we have four links per vertexu, (x) corresponds to antiferromagnetic bonds, #ck)

to ferromagnetic bonds. It is important to have applied the Villain transformation for both
terms in the action (19), in order, first, to keep traces of vortices associated to ferromagnetic
interactions (I 1 plaquettes in the original lattice), and second, to have a sufficient number
of renormalization group (RG) equations to renormalize all coupling const@ngnd 1).
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Note that we have gauge-invariance conditions similar to (6) in the Villain action (19)
02(x) — O2(x) + 2mwko(x)

ny (x) — nh(x) — V¥ka(x) (20)

Iy (x) = 15 (x) — V'ka(x).

So, at each vertex, three degrees of freedom survive.
The main difficulty is to transform the action (19) into a Coulomb gas one. After some
tedious algebra detailed in appendix A, we show that the vortex action is described by

Av = =272BJ, )y (1+ MWNEP N (x) + A1 = WLx)PL(x)

+2AN ()P IL(x) — 20 (N(x) + L(x)P M (x) (21)

where the propagato?~! = [(V¥)2(1 + A) + (V¥)?(1 — »)]7L, corresponds in fact to

the usual one but on an anisotropic lattic¥(x) = €**V*n} are the vortices on the AF
diagonal sublattices\(2 x +/2 plaquettes)L(x) = e*'V*1y, the vortices on the normal
ferromagnetic lattice ( 1 plaquettes), and (x) = V1n3— V?i3, the vortices on the mixed
sublattices (k +/2 plaquettes). The vortex action (19) is thus transformed on a Coulomb gas
action in anisotropic space with three charge species interacting with each other. The charge
is conserved inside each species. Notice that the resulting action is far more complicated
than the one describing the non-frustrated phase as expected. Of course, such a treatment
decouples both order parameters. We will discuss the validity of this approximation in the
next section. Let us first extend the KT renormalization group equations to the actions (13)
and (21).

3. Generalized KT equations and phase structures

There are many ways to find the RG trajectories for the standard XY model. First, one
can directly use the language of Coulomb gas by introducing a dielectric constant and
the polarizability of the dipole pair (see for example [18]). The second way is to notice
that the XY model with external fields is dual to the sine—Gordon model, and then to use
diagrammatic expansions. Because of its standard perturbative aspect, this method enables
us to compute higher-order corrections to the KT equations [19]. Thirdly, a direct real-space
renormalization group according to Kosterlitz can be done by arguing that neighbouring
vortices with opposite charges have only a short-range effect [8].

3.1. Extension of the KT equations

In this paper, we follow this third method. For the non-frustrated phase, the partition
function yields using (10) and (13):

Z(B. 1. 2)="Zsw Zexp[nﬁ(l 2n)Zm1<x>m1<x)log' '+Iogzlzm1<x>2}

{m1(x)} xFx!

(22)

whereq is the lattice constant and the fugacity one adds to control the vortex number. We
have seen that the ferromagnetic phase has exactly the same form as the usual XY model
with a temperaturd = (1 — 2)B. In this phase, the ratig = JZ does not renormalize
separately, because it is coupled to totally irrelevant terms (see equation (13)) and so can
be considered as a parameter.
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Figure 2. The RG flow for the non-frustrated phase for an arbitrary value of the parameter
We have the usual flow of the XY model except that is scaled by a facto¢l — 27).

The RG equations are then the usual ones:

d—ﬂ = —4713322%

& (23)
21 _ 3

q = aEs-2.

The flow for z; is represented in figure 2 and corresponds to the usual KT one for a given
n. Whenn — % the KT temperaturdxr — 0, meaning that vortices tend to proliferate
already at very low temperature. This result is not surprising at all, because at the Lifshitz
point, every configuration verifying _,queteS: = 0 is allowed, so in particular vortices.

Let us now concentrate on the frustrated phase. We have seen that the action decomposes
into a massive part (18) plus a Coulomb gas part (21). Let us first consider this non-trivial
part. We can transform the vortex action in the frustrated phase on a Coulomb gas with
three species can be encountered when we study the XY model with random phase-shifts
(H=-J ZW) cosd, —6, —A.,1)). The standard method used to take into consideration
the randomness (represented here by the random 4igld) is to replicatep times the
Coulomb gas [20] and to generalize the KT equations using the appropriate language for
Coulomb gas. Let us consider the casepafeplicas of the Coulomb gas described by

AV = szi(r)cijmj(’r'/) In |’l" —7r |

r£r i,

+ Y " logzim;(r)? (24)

a

where |r|? = 1% + % because of anisotropy, artlis the matrix(p x p) of coupling
constants. As usual, we will only take charge of modulus one, but we will keeprthe

as variables for notations. As was first noticed by Korshunov [20], the interaction between
different replicas is of great importance because it hides a part of disorder. In our case,
we also have this intervortex species coupling, which is not present in the ferromagnetic
phase. This may also indicate a disordering of our initial ground state by all these vortices
excitations. The generalization of the KT equations for this model is given in the appendix B
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using real-space renormalization. The result is as follows:

ac;; (2r)?
dz
d
wherem? is equal to% here. Our case corresponds to & 3 matrix, C;;, whose initial
conditions are defined from equation (2%).is the fugacity associated t§ vortices,z; to
L vortices and finallyz3 to M vortices defined in (21).

Note that the terms, coupling different vortex types, can provide fugacities associated to
hybrid vortices (configurations in which vortex of different species reside at the same site)
[21]. We have three possible hybrid vortices in our case. For simplicity and readability, we
have not presented the more general study which incorporates these three hybrid fugacities.
The KT equations can be generalized in a straightforward way following [21]. We have
checked that this does not alter the forthcoming results, but on the contrary enforces them.

(25)

= (2 — Ckka)Zk

3.2. Discussion of a possible phase diagram

Before discussing a possible phase diagram, we will study carefully the flow associated
with equation (25) based only on the KT order parameter.

Let us first see that we recover the singularity= 1) as in the non-frustrated case but
this time in the denominator. Hence, the two ground states do not have the same behaviour
when the singularity is approached. This is not so surprising because their symmetry
is different. This has already been noticed and studied with quantum fluctuations with
Heisenberg antiferromagnets in [1]. In the first block of equations, we have six variables
obeying initial conditions (see equation (25)) despite our model having only two parameters
(B andA). In fact, initially C33, the inverse temperature associated to type 3 vortices, equals
zero, so because of the nature of the equation governing its behagiguremains zero.
Taking care of the initial conditions (we work at low fugacities), we can study numerically
the flow of renormalization coupling constants (it is in fact much more convenient to use
the inverse of the;;).

We will consider the generic cask = J; = 1. We will especially follow the fugacities
with temperature and compatre it to the usual KT flow (the physical temperature corresponds
to Cl‘l1 in order to recover the KT flow when = 0). The associated fugacity;,
corresponds to vortices on the antiferromagnetic lattices. In figure 3, we have represented
the fugacityz; function of the temperatur@. We see that for low-temperature and low-
fugacity initial conditions we do not recover the usual expected KT fixed point despite the
strong cross-over regime! We have checked numerically that this result is independent of
initial conditions, namely it is valuable even at very low fugacity. How shall we interpret
such a puzzling result? In figure 4 we have represented the evolution of fugagitesl
zz With T (z is the fugacity associated to ferromagnetic (B} 1 vortices and;3 to mixed
(F-AF) 1x +/2 vortices). They are driven in a high-fugacity domain. This can be directly
correlated to the evolution of their associated temperafyseandC5;-. Indeed, in figure 5,
the coupling constants;;; are represented. We observe tliai goes towards zero, whereas
C33 remains zero (see above), meaning that the system is driven in a strong coupling regime
for vortices of type 2 and 3. The most important thing is that the coupling congtast,
remains finite (it couples the type 1 vortices to the type 3 vortices). Hence, the disorder
caused by type 2 and 3 vortices is strong enough to eliminate the usual KT fixed point. To
check this, in figure 6 we have shown(T) andzx(T) at zz = 0. The KT fixed point is
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Figure 3. The RG system (25) is solved & = J; = 1 and low fugacities. We have represented
the evolution of the fugacityz1, with temperature7’, defined by7 = C{ll. The main feature
is that the KT fixed point is lost.
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Figure 4. The full curve represents the evolution of the fugacity, with the temperature
T = Cill whereas the broken curve represents the fugacity, They are driven to a high-
density regime that will disorder the usual KT fixed point.

then recovered. Hence, the KT fixed point is suppressed essentially by type 3 vortices. This
can be seen geometrically: when we built a vortex aroundxallplaquette, the AF order

on diagonal sublattices is not roughly affected, contrary to the casexo{/2 plaquettes.

As A ~ g—ﬁ — 0 in the infrared limit (see figure 5), the two sublattices try to decouple
each other as already observed in the case for Heisenberg spins [2]. When both sublattices
are weakly coupled, it becomes easier (geometrically and energetically) to form a vortex of
type 2 or 3 from the collinear ground state. So, it is not surprising that such vortices are led
in a high-density regime whekh — 0. However, the fact that it is sufficient to destabilize

the KT fixed point for both sublattices is unexpected.
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Figure 5. The evolution of some coupling constaits. The full curve represents the evolution

of Cyp with the temperaturd’ = C;ll. The fact thatC,, — 0 can be interpreted as the
decoupling of both AF sublattices. But, this also indicates a strong coupling regime associated
to C2’21, the ‘temperature’ associated to type 2 vortices. The short broken curve represents the
evolution of C12 with T. C12 corresponds to the coupling between type 2 and type 1 vortices.
Finally, the long broken curve represents the evolutio€gf with 7. C13 converges toward a

finite value explaining why type 3 vortices are able to disorder the expected KT fixed point for
type 1 vortices. The curv€,3(T) is rather similar tharC13(7T) so has not been represented.
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Figure 6. We have now enforced the fugacitys, to stay at 0. The full curve represents the
evolution ofz; with 7, whereas the broken curve corresponds to the evolutiarn efith 7.
The KT fixed point is recovered. This plot shows the aim of the role played by type 3 vortices.

We see in figure 3 that we have a strong cross-over regime associated to the fggacity
as long asl’ < ”7’2 This could play a role as we will see later. Fbr> ”7’2 we recover
the usual UV fixed line, proving that the field theory has meaning.

We now have a consistent interpretation of the flow (figures 3—6) where only the role

of vortices was discussed. We must now take both order parameters into account for a
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global analysis of this/; — J, model. Indeed, equation (18) describes a massive scalar
theory associated with the Ising transition. We notice that wl}iemcreases the mass
proportional to(21 )? decreases meaning that the critical temperature associated with this
Ising transition reaches its maximum value whén= 1. This is already the case for
Heisenberg spins, where only the Ising order parameter is present [2]. So equation (18),
based on spin-waves analysis, predicts a low-temperature phase with a global collinear
ordering. In this approach, we have decoupled both order parameters. It is clear that
they are correlated; the numerous numerical and analytical works on the fully frustrated
XY model on a square lattice, the AF triangular XY model and so on, which also have a
Z, x U(1) symmetry, have proved this point [12,13]. It has to be noted that injthisJ>

XY model, the Ising order parameter emerges in a dynamical way (by ‘order by disorder’
effect) contrary to the models quoted above. So, it is not at all obvious to compare it and
to directly conclude that the; — J, model must have a critical line of Ising—KT type (as

it is often the case for such models). Nevertheless, the analysis made in this paper enables
us to eliminate soma priori possible scenarii.

Suppose we have two critical transitiorr and Tising. The scenaridikr < Tising IS
impossible because we have seen that the usual KT fixed point is destabilized. In that case
we would have no transition at all, only a disordered ground state even at low temperature. It
would contradict the results of classical (and quantum) spin waves, that are usually valuable
at very low temperature. Moreover, Henley [10] has found numerically an ordered collinear
phase at lowr .

On the contrary, if an Ising transition occurs first (this supposes we have a collinear
ordered phase at loW), the ground state & > Tising Would consist of domain walls
with global orientation cag) = +1. If the associated Ising correlation length (the size
of a domain wall) is large enough, we could apply the result to equation (25) inside each
domain wall. Hence, vortices of type 2 and 3 are able to suppress the KT fixed point,
so only one fixed point of Ising type separating a collinear and a disordered phase occurs.
Yet, if the correlation length is not large enough, then the cross-over associated with type 1
vortices could play an important role. In that case, we recover approximately the KT low-
temperature behaviour for a type 1 vortex, namely they tend to bind at this scale. So it
is not unusual to have a KT transition &t > Tising. Nevertheless, the study of models
with Z, x U (1) order parameters tend to show (it is not yet completely clear) that the Ising
transition could ‘trigger’ the KT transition.

Different mechanisms have been proposed, notably a screening effect caused by domain
walls [13]. In our case, we would have to include these domain-wall effects plus the disorder
implied by type 2 and 3 vortices. Itis plausible to think that all these effects will enforce the
unboundness of type 1 vortices just after the Ising transition has occurred. In that case, the
staggered magnetization would have the sign of KT behaviour and we would also find one
fixed point of Ising—KT type. The present analysis does not enable us to decide between
these last two possibilities (Ising or Ising—KT). It seems that the Ising order parameter plays
the most important role that could be checked by accurate numerical simulations. As very
few simulations cover this model, it is difficult to be conclusive. Henley [10] has made a
study of this model in the presence of dilution (that selects anticollinear ordering). They
predict for the casd, = J1 = 1 only one transition aI' = 0.97 separating a collinear and a
disordered ground state. The precise nature of this transition was not discussed numerically.
This result enforces both possible scenarii proposed above. In that case, we would obtain in
the (T, ’—i) plane the schematic phase diagram presented in figure 7. In the non-frustrated
phase we have a line of KT type separating a ferromagnetic phase by a disordered one
as we have seen above. Whereas in the frustrated phase, we have a curve separating a
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Figure 7. A schematic phase diagram in the plaiie %). The nature of the curve separating
the collinear order phase from the disordered one remains of Ising or Ising+KT type. The results
have been extrapolated close to the Lifshitz point where this analysis fails.

collinear order from a disorder phase. So, the exact nature of this transition remains to be
investigated in more detail by another approach enabling the coupling of the Ising and KT
order parameters.

4. Conclusion and outlook

In this paper, we have studied an XY model with ferromagnetic NN interactions and AF
NNN interactions. In the ferromagnetic phase, we show that the only relevant vortices are
the usual ones, leading to a KT transitionTay = ”7’1(1 — 27112). The frustrated phase is
much richer. By ‘order by disorder’ effect, an Ising order parameter associated to a collinear
ground state is generated dynamically. Hence, the symmetry group becbme#/ (1).

We have treated both order parameters in an independent way. The greater part of the paper
was devoted to a generalization of the KT equations in the collinear phase. Three types of
vortices were identified. We have thus found that the expected KT fixed point associated
to one type of vortex is suppressed due to the presence of the other vortices, which are
driven to a high-fugacity regime. Nevertheless, a strong cross over was marked. The
analysis, based on the Ising order parameter, forecasts a low-temperature phase dominated
by a collinear alignment. By comparing both approaches, it seems that only two scenarii
are possible: an Ising transition line or an Ising—KT transition separating the collinear from
the disordered phase. The nature of the transition requires a different approach able to take
into consideration the coupling between both order parameters. A possibility is to include a
coupling between spin waves and vortices. Some attempts in this direction have been done
by Benakliet al [22] for another model. It would also be interesting to include some disorder
effects in this model, notably by adding random-phase shifts. With the non-frustrated phase
being of the same universality class as the usual XY model, it is reasonable to think that
the results of [20] would apply in the ferromagnetic phase. Yet, in the frustrated phase, the
question is far from being trivial. We can show that disorder, like dilution[10], favours an
anticollinear order, so it offers the possibility to suppress the Ising order parameter for high
disorder even at low temperature. This will be a subject of future work.
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Appendix A

In this appendix, we transform the Villain actiody defined in (19) into a Coulomb gas
one. The action then reads

J ,
Ay = —% D (VH0; = 2mnb (x))? + A(V*02)* — (V762)%)

HATA[(V¥I3) — (VY15)] + 420 [(13)? — (13)?] (A1)
The integration ove#é, is now easy,
Ay = 27281 ) [Vinl (x) + A(VFI3 — VISP ]

—212BJa(nh)? — 22 BIon((13)* — (13)?) (A2)

with P~ = [(V¥)2(1 + 1) + (V)21 — )], corresponding to an isotropic propagator.
Then we develop and introduce vortex variabl®gx) = €**V#n, and L(x) = e*"V*13),

Ay = =27°BJ2 Y N(x)P N (x) — AL(x)P~"L(x)

FA[(VHG — V)PV I} — V¥nh)]

—A[(VH5 — VI n)P7H(VHE — Vb)) (A3)
The last term describes local and non-local vortices that are a mixtureaofi/ bounds.
Let us introduceM (x) = V1n3 — V21 and also

M'(x) = VY5 — V2l = L(x) + N(x) — M(x)
the local vortices built with/ links (so associated with the ferromagnetic interaction
originally) andn links AF interactions. We can write the last two terms of the action
with M (x) and M’(x), the non-local vortices having only short-range interactions. This can

be seen more rigorously (following the same treatment as in section 3.1) if we introduce
adapted triangular vortices and use the gauge conditigng = /2(x). It leads to

Ay = —27 ﬂJzzN(x)P IN(X) = AMPLOPL(x) = A M ()P~ M (x)

+AM' (x)PIM (x). (A4)
SinceM'(x) = L(x) + N(x) — M(x), we finally obtain the action (21).

Appendix B

In this appendix we want to renormalize, in real anisotropic space, a replicated Coulomb
gas. Let us consider the grand-partition function associated with equation (25),

2
Z = E %‘/‘ dzrz,,l,l... dzral... dzrl,]_
y (nah)=... (nph) D3, D3,

DY, D}

xexp[ZZmacwmﬂ log r’g’l] (B1)

i,j aipj
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In this expression, we have generalized the notations of Kosterlitz [8]. We have used also

the norm|r|? = 1%2,\ + ﬁi\ which takes the anisotropy into account. The order of the
integration is fixed and)(’;k is the whole plane except for the ellipses, — rs,| < a, with

Il >k, orl =kandpg > o. To fix notations, we writen,, for the «th vorticity of the

ith replica (here we take only vortex charge4, hence with the normalizations it gives

m? = 7), with Latin indices standing for replica and Greek indices for vortices inside a
replica. As in the Kosterlitz derivation, the final result will not depend on the ordering.
The idea is now to scale the lattice spacing doto a + da and to integrate explicitly the
contribution from vortex—antivortex pairs (i.e. with,, = —mg,) in the same replica whose
relative coordinates lie within an elliptical annulus of radius 8low we have just to follow

the same procedure as the Kosterlitz one inside each replica. We rearrange the integral as
follows

\/l‘)p

2 _ 2
ldrl,l—/,p-u dr11+222/,p /k /m
2 g D K b D; D

o +1
X /
k
DY

/ / / d2r11/ d? T / rﬂk (B2)
1 ;Hl D D, 8k , ()
whereD’ is defined as foD with « — a +da, ng the plane without elliptical disk around
all other points anosgk (o) the annulus defined by < |ry, — rg| < a + da. So we have
to compute

Yo, — T rg, —r
/ d?rp, exp (22 Ce [makmyz log Iroy = rtl | mg,m,; log w} ) (B3)
8 () Ly a a
paying attention to the anisotropy.
We putp = r,, — 7p,, then|p| ~ a according to our norm. If we requie,, = —m,,
we have to calculate

2 e (r, —7r a2 Ck/makmyl
/ dzrﬂk l—[ |:1+ P (Toy 2;/1) + 2:| . (B4)
Sf,k(ak) Iyl |’l°ak — 1"},1| |Tak —_ ryll

The integrations are now formally identical with those of Kosterlitz (the difference lies
within the scalar product associated to the norm so will not affect the coupling constant)
except the surface element which re%é_%. Using the derivation of Kosterlitz the grand-
partition function then yields:

2 2
Z = 1—[7/ d2r2n d2r
"1;1,; (nl!)2 cee (np!)2 D/Z’,’, D,zlx 1 Dl 11
5 2wada Irg,—rg|

4 2 (A 2a® ) " CuCum? ) mgmyg log 1)]
[ Z fV1-az ; ﬂ;; 1,

con] £ it

LJ o, ﬁj

By using the fact that we work withad<« a we can exponentiate the second line and see
that the coupling constant renormalize as

@2
J1-22

Cir — Cip —

d
2;“ ;(Zk)zclkckl“ (B6)
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It still remains to renormalize the fugacity. We use
|r¢xi—rﬂ,| |ra;_r/3f| dﬁ

a+da a’
Because of charge conservation inside each replica, only the coupling constant of the type
C;; will play a role as in the standard case. So, we have the usual renormalization equation
for z;

log ~ log

= (2 — C”mzda) 2. (B7)
a

The equations (B6) and (B7), describing the RG flow, have the same form as the one
obtained by Scheidl [20].
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